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1. Introduction

Poisson geometry arises in several ways:

» as a semiclassical limit of quantum theory;
» in integrable systems theory;

» as a generalization of symplectic geometry simplifying constructions
such as quotients/reduction;

» as a nonlinear extension of the dual of Lie algebra theory.
It is the last aspect which concerns me today.

Given a Lie algebra g the dual has a linear Poisson structure: a linear
function g* — R is an element of g and a smooth function f: g* — R can be
approximated at a point ¢ of g* by its derivative. Define:

{f,9}(p) = (@, [D(F)(¢), D(9)(#)])-

The relationship between the bracket of vector fields on a manifold M and
the canonical Poisson bracket on T*M is similar.



2. Lie algebroids

These two constructions are examples of the Poisson structure on the dual of
a Lie algebroid.

Definition: A Lie algebroid is a vector bundle g: A — M together with a
bracket [, ] of global sections which makes 'A an R-Lie algebra, and for
functions on the base obeys the Leibniz rule

[X,fY] = fIX, Y] + aX)()Y, X,Y€ETA f: MR,

where a: A — TM is a vector bundle morphism, called the anchor. It follows
that a[X, Y] = [aX, aY].

Other examples: the Atiyah bundle T—Cf of a principal bundle P(M, G); for a
vector bundle E, all Vx for all connections V and all vector fields X; the
cotangent bundle of an arbitrary Poisson manifold.



3. Lie algebroid duals

Define a Poisson structure on A*. It suffices to consider pullbacks

foq.: A* — R of functions f on M, and fibrewise linear functions A* — R
which correspond to sections X € I'A. Write £x: A* — R for the function
corresponding to X € F'A. Define

» {Ix, ly} =lixv);
» {fog.,goq.} =0;
» {Ix, foq.}=a(X)(f)oq..

Applied to A = TM this Poisson structure is non-degenerate and defines the
canonical symplectic form on T*M.



4. Bundles in classical mechanics

For M a smooth manifold there are four ‘second-order bundles’:

» T*(T*M) the cotangent of the cotangent bundle;
» T(T*M);

» T*(TM);

» T2M = T(TM) the iterated tangent bundle.

The first two arise when considering the Poisson structure on T*M: for any
Poisson manifold P the “forms to fields’ (Hamiltonian) map is a vector bundle
morphism T*P — TP. Denote T*(T*M) — T(T*M) by . for now.

Other canonical maps are the ‘Tulczyjew map’ T(T*M) — T*(TM) which
interchanges the inner coordinates, and the canonical involution on the
iterated tangent bundle, J: T2M — T2M. In terms of ‘curves of curves’, J
interchanges the order of differentiation.



5. Relationship between canonical diffeomorphisms

R
The diagram  T*T*M ——> T*TM commutes. (1)

< Return to frame 10.

Here Ry is a Legendre type map. For any vector bundle E — M,
Re: T*E* — T*E can be written locally in terms of E=~ M x V as

TMx V' xV-TMxVxV",
(“‘Ja ®, V) = (_w7 v, 80)
The minus sign is essential. Re is anti-symplectic.

Re can be defined intrinsically. (KM + Ping Xu, 1994)



6. Second structures

All the vector bundles listed so far have
second structures as well as the ‘obvious’
ones.

E—M

TE — TM is obtained by applying the
tangent functor to all the structure maps in
E — M: the projection, addition, zero
section, scalar multiplication.

In particular:
T2p 2Pl T(pm) Ten)
PTM\L PMi
™ 2> m
T(T" ) ™
PT*M\L PM\L
by
T"M—M



7. Double vector bundles

In TE the two additions satisfy an interchange law. Suppose given four
elements, i=1,...,4,

.
f— X of TE—% T

i i PE\L PMi
6 >m E—'sm
Then
(&1 +&) + (&+8) = (&1 + &) + (&2 + &)

+ is the standard addition of tangent vectors; + is the addition in TE — TM
(denoted 4+ by Besse). For the sums to be deflned various conditions on
the X;, e; are needed.

The interchange law is the main defining condition for a double vector bundle.



8. Duality

D——B
A—M

In a double vector bundle, D can
be dualized in two ways.

DA — 7

|

A—M

The bundle projection D — B is a morphism
of vector bundles over A — M ; write Kz for its
kernel. Likewise K, for the kernel of D — A.
The intersection C = KxN Kp is the core of D.
It is a vector bundle over M; the two structures
on D restrict to the same structure on C.

The kernels are pullbacks of C, and there is a
short exact sequence of bundles over A:

gaC — D —= q,B

(Shriek denotes pullbacks.) Dualize this and
we get:

quB* — DA —= q4C*



9. Duality, continued

D——B Core =C
A—M

DA — C* Core = B*
A—M

DB——>B Core = A"

ct——M

Theorem: D4 — C* and

D*® — C* are themselves dual.
‘Proof’: Take ¢ € D** and

v e D*B projecting to same

k€ C".Say —ac Aand

V — b e B. Take any d € D which
projects to a and b. The pairing is

(P, W) = (d,d)a— (V,d)s.

The subtraction ensures that the
RHS is well-defined.



10. Duals of TE

TE —TM

L

E——M
Core= E

The core of TE is the vertical
vectors along the zero section; that
is, E.

T*E — TM denotes the dual of
TE — TM,; it is canonically
isomorphicto T(E*) — TM.

T"E——FE~

E——M

Core=T*M

T°E——TM

L

Ex —M
Core = E*

By the duality theorem,

T(E*) —» E* and T*E — E* are
dual.

Equivalently, there is an
isomorphism T*E* — T*E;

this is Re.

So all the maps in @D are now
defined.



11. Diagram (1) revisited

Rmm
T"T°"M——T*TM

1

M

» The forms to fields map 7, is defined in terms of the symplectic
structure on T*M (or equivalently the bracket of vector fields);

» The Legendre map Rrv can be defined for any vector bundle, not just
E=TM;

» The Tulczyjew map ©y is essentially a dual of the canonical involution
on T?M.

Diagram (1) consists of (4 )symplectomorphisms between symplectic
manifolds.



12. Double Lie groupoids

A Poisson generalization of (1) emerges from considering Lie groupoid

analogues of the above constructions.

(Ordinary) Lie groupoids are the global form of Lie algebroids. Example:
Given a Poisson manifold P a Lie groupoid integrating the cotangent Lie

algebroid T*P is a symplectic groupoid and provides a symplectic realization

of P.

Double Lie groupoids arise in Poisson geometry as the global form of

Poisson Lie groups (and Poisson Lie groupoids), and as global forms of

Poisson group actions.

S—=vV S is a double Lie groupoid. The
double arrows indicate groupoid

u u structures. Picture the elements of

H—=M S as squares, with horizontal

edges from H and vertical edges
from V. The corners are from M.

V2

he

A

h

Vi



13. Lie algebroids of double Lie groupoids

The Lie algebroid of a Lie groupoid G == M is denoted AG. The construction
is very similar to that of the Lie algebra of a Lie group. For the groupoid of all
isomorphisms between the fibres of a vector bundle E, the (sections of the)
Lie algebroid are all Vx for all connections V and all X on M. For

G = M x M (each arrow consists only of its endpoints), the Lie algebroid
AG=TM.

S—=vV AvS —= AV AyS —=V
%3/\/1 H=—=M AH —= M

S has two Lie groupoid structures, and we can take the Lie algebroid of
either.

Av S is obtained by applying the Lie functor to the vertical groupoid structure
S = H. Because the Lie functor, like the tangent functor, preserves
pullbacks, Ay S is a Lie groupoid over AV. Likewise with AyS.



14. Duality again

Ay S is a vector bundle over H and can be dualized in the usual way. The
dual has a Lie groupoid structure over A*K, the Lie algebroid dual of a Lie
groupoid K = M which arises as the core of S in a similar way to the core of
a double vector bundle. Likewise with A4 S.

AyS —= AV AVS —== A*K HS—=V
i l |
I\E:EM i:§M A@K%M

Since AyS and Af;S are Lie algebroid duals, they have Poisson structures,
and are in fact Poisson groupoids.

Defn: A Lie groupoid G = M with a Poisson structure on G is a Poisson
groupoid if the graph of the multiplication is a coisotropic submanifold of
G x G x G. (Weinstein, 1988).



15. Duality continued

For G = M a Poisson groupoid the base M is a coisotropic submanifold and
the Lie algebroid dual A*G (which can be regarded as the conormal bundle
to the base) has a Lie algebroid structure. These make (AG, A*G) a Lie
bialgebroid.

Theorem: The Poisson groupoids AyS = A*K and A;;S = A*K are dual
as Poisson groupoids. «

Poisson groupoids are dual if the Lie algebroid of each is (£ )isomorphic to
the dual Lie algebroid of the other.

Thus we have A(A}S) = A*(A;;S) and A(A;S) =2 A*(A}S) (these
statements are not equivalent).



16. Canonical Poisson maps

From this structure there emerges a commutative diagram

A*(A4S) — > (A(AS))™

l /
Ea
A(AVS)
which reduces to (1) in the case where S = M* consists of quadruples of

points.

The maps 4, R, © are defined by lifting the definitions for manifolds to
groupoids and then to double groupoids. They are (+)Poisson maps.

(There is a companion diagram with H and V interchanged.)
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